We investigate the hierarchies of half-supersymmetric branes in maximal supergravity theories. By studying the action of the Weyl group of the U-duality group of maximal supergravities we discover a set of universal algebraic rules describing the number of independent 1/2-BPS p-branes, rank by rank, in any dimension. We show that these relations describe the symmetries of certain families of uniform polytopes. This induces a correspondence between half-supersymmetric branes and vertices of opportune uniform polytopes. We show that half-supersymmetric 0-, 1-and 2-branes are in correspondence with the vertices of the k 21 , 2 k1 and 1 k2 families of uniform polytopes, respectively, while 3-branes correspond to the vertices of the rectified version of the 2 k1 family. For 4-branes and higher rank solutions we find a general behavior. The interpretation of halfsupersymmetric solutions as vertices of uniform polytopes reveals some intriguing aspects. One of the most relevant is a triality relation between 0-, 1-and 2-branes.
Introduction
Since their discovery branes gained a prominent role in the analysis of M-theories and dualities [1] . One of the most important class of branes consists in Dirichlet branes, or D-branes. D-branes appear in string theory as boundary terms for open strings with mixed Dirichlet-Neumann boundary conditions and, due to their tension, scaling with a negative power of the string coupling constant, they are non-perturbative objects [2] . Moreover D-branes were also used in the derivation of the black hole entropy by a microstate counting, one of the most relevant results of string theory [3] . In type II string theory the coupling of D-branes with the Ramond-Ramond (RR) sector is described by the Wess-Zumino term. This framework could be found in the low-energy limit of string theory, supergravity, where branes occur as classical solutions coupled to differential forms [4] . For these reasons brane solutions in supergravity could be used as a probe to take a look inside the non perturbative regime of string theory and to improve our knowledge of dualities [5, 6] . Branes play also a relevant role in cosmological models, as the brane-world scenario and in the AdS/CFT correspondence [7, 8] .
The U-duality group of M-theory emerges in supergravity, in its continuous version, E 11−d (R), as a global symmetry [9] [10] [11] and the differential (p+1)-form potentials coupling with p-brane solutions belong to representations of this group. For this reason many attempts to investigate branes solutions in supergravity are based on the algebraic structure provided by the U-duality group [12] [13] [14] [15] . One of the most relevant achievements in this field comes from the classification of the invariants of the U-duality group and the corresponding orbits, directly linked to physical relevant quantity, as entropy [16] [17] [18] . In the context of branes a special role is played by halfsupersymmetric solutions. These preserve the maximum amount of supersymmetry and could be considered as building blocks for less supersymmetric states, that could be realized as bound states of them.
Depending on the number of spatial transverse directions branes could be divided in two classes, standard branes and non-standard branes; the former have three or more transverse spatial directions, the latter two or less. Physically the number of transverse directions characterizes their asymptotic behavior and, while standard branes approach flat Minkowsky, this is not true for nonstandard branes. In the class of non-standard branes we recognize defect branes, domain walls and spacefilling branes corresponding respectively to (d−3)-, (d−2)-and (d−1)-branes in d dimensions. Although single states of these branes have infinite energy, finite energy solutions could be realized as a bound states of them in presence of an orientifold. Defect branes couple to (d − 2)-forms that are dual to scalars. Domain walls and spacefilling branes couple to (d − 1)-and d-forms; despite these do not carry any degrees of freedom domain walls and spacefilling branes play a relevant role in different contexts [19] . As a first step towards a taxonomy of half-supersymmetric branes in supergravity the classification of the differential form potentials is crucial. A full classification was completed in the IIA and IIB supergravity theories by requiring the closure of the supersymmetry and gauge algebras [20] [21] [22] . This approach could be be generalized to all supergravity theories by the E 11 construction [23, 24] . The very extended Kac-Moody algebra E 11 contains, for any maximal supergravity, both the spacetime symmetry and the U-duality algebra E 11−d . The spectrum of differential forms could be obtained by decomposing the adjoint representation of E 11 in its subgroup E 11−d × GL(d, R), where the two factors are the U-duality group of the d dimensional maximal theory and the spacetime symmetry respectively, and selecting the real states, identified by a positive squared norm.
1/2-BPS branes in maximal theories have been characterized from a pure group-theoretical point of view by showing that they couple to differential form potentials corresponding to the longest weights of the U-duality representations they belong to [25, 26] . This classification points out a consistent difference between standard and non-standard solutions. Indeed, non-standard branes belong to representations with a nontrivial length stratification, while standard branes always live in representations without any length stratification. This implies all the components of the differential form potentials couple to half-supersymmetric solutions in the case of standard branes, while, for non-standard brane solutions, only a subset of them couple to half-supersymmetric solutions.
This behavior reflects the possibility to combine non-standard brane solutions in a bound state preserving the same amount of supersymmetry of the single branes. i.e. there is a degeneracy with respect to the BPS condition.
Opposite to maximal theories in non-maximal supergravities the U-duality group does not appear, in general, in its maximal non-compact form. The presence of compact and non-compact weights requires a careful analysis in extending the previous correspondence. Using the theory of real forms of Lie algebras and Tits-Satake diagrams [27] it has been argued that half-maximal solutions couple only to non-compact longest weights [28, 29] . The refined rule reproduces the previous results when applied to the maximal case, where the split form for the U-duality group prevents from the presence of compact weights. In this picture the Weyl group of the U-duality group plays a remarkable role, since it maps solutions to solutions preserving their supersymmetric amount [30] .
Although the correspondence between longest non-compact weights and half-supersymmetric solutions provides us with an elegant algebraic characterization for 1/2-BPS branes in supergravity theories, we believed there was still a lack of a global view of the network of these solutions. In particular we argued that the role of the Weyl group associated with the U-duality group was not yet fully used to investigate the presence of a universal structure behind 1/2-BPS solutions. In order to uncover the algebraic structure governing half-supersymmetric branes in maximal theories we applied the general theory of reflection groups and Coxeter groups using, as starting point, the correspondence between longest non-compact weights and branes. We discovered a set of algebraic rules describing the content of 1/2-BPS branes in maximal theories, rank by rank, in any dimension. Moreover, the interpretation of these rules as symmetries of certain families of uniform polytopes, induces a correspondence between branes and polytopes. Half-supersymmetric solutions in maximal theories could be seen as vertices of opportune uniform polytopes. We believe this link could provide consistent improvements in understanding duality relations and connections between different brane solutions.
The paper is organized as follows. In the first section the general theory of Coxeter groups and reflection groups is reviewed, providing the basic tools needed in our investigation. In section 2 we introduce the E 11 construction deriving all the representations hosting differential forms in maximal theories from three to nine dimensions. We also discuss the role of the Weyl group associated with the U-duality group. In section 3 the first part of our original work is exposed; we apply some general results concerning Coxeter group to maximal theories. In particular we study the orbits of the highest weights of the U-duality representations under the Weyl action. This leads us to a set of algebraic rules capturing the algebraic structure behind half-supersymmetric solutions. Section 4 is devoted to the interpretation of these rules as symmetries of uniform polytopes. We recall the basic tools to deal with polytopes and their relation with Coxeter groups. We recognize that half-supersymmetric 0-, 1-and 2-branes could be thought as vertices of the families of uniform polytopes k 21 , 2 k1 and 1 k2 respectively. This correspondence reveals a triality relations between these solutions. By the same way we discuss the correspondence for higher rank solutions. In the conclusions we summarize our work and point out possible outlooks. In appendix A we list all the features of the uniform polytopes involved in our analysis, while in appendix B we give a basic introduction to Petrie polygons.
Coxeter Group and Weyl Group
In this section we give a brief introduction to reflections groups, Coxeter groups and Weyl groups. We begin with the definition of Coxeter group [31] [32] [33] Definition 1.1 (Coxeter Group). Given a set of generators S = {r 1 , ..., r n } a Coxeter group W is the group generated by S with presentation
where m ij ∈ Z ∪ {∞}, m ii = 1 and m ij 2 for i = j. m ij is the order of the element product r i r j . If m ij = ∞ it means no relation of the form above could be imposed on r i and r j . r i are often referred as simple reflections. m ii = 1 imply that all the simple reflections are involutions. Two simple reflections r i , r j commute if their product has order 2, m ij = 2. Furthermore by
thus we assume m ij = m ji . If W is a Coxeter group and S = {r 1 , ..., r n } the set of its generators, the pair (W, S) is called Coxeter system. The number of generators is the rank of the Coxeter system. The values of m ij for any Coxeter system could be collected in a symmetric matrix M with entries in Z ∪ {∞},
called Coxeter matrix. Another relevant matrix associated with a Coxeter system is the Schläfli matrix whose entries are defined by
Any Coxeter group could be described by a graph, the Coxeter graph, in a way similar to the description of Lie algebras by means of Dynkin diagrams. In particular, given a Coxeter system (W, S), its associated Coxeter graph is the undirected graph drawn with the following prescriptions (i) Any generator corresponds to a vertex in the graph.
(ii) Vertices corresponding to the generators r i and r j are connected by an edge if m ij 3.
(iii) Edges are labeled with the value of m ij ; if m ij = 3 the label could be omitted.
A Coxeter system (W, S) is said to be irreducible if its graph is connected. Its is immediate to recover the Coxeter matrix and Schläfli matrix from a Coxeter graph [31] . As an example, taking the graph, in fig one finds
According to the eigenvalues of its Schläfli matrix a Coxeter system is classified in (i) Finite type if the Schläfli matrix is positive definite, namely it has all positive eigenvalues.
(ii) Affine type if the Schläfli matrix is semipositive definite, namely it has all non-negative eigenvalues.
(iii) Indefinite type otherwise.
Hyperbolic type Coxeter groups belong to the irreducible indefinite type with the further condition that any proper connected subgraph of its Coxeter graph describes a Coxeter system either of finite or affine type.
Now we spend some words on the geometric interpretation of a Coxeter system. (W,S) could be realized geometrically as the group generated by orthogonal reflections on a vector space V over Figure 2 : A sequence of two reflections with respect to two planes, Hα i and Hα j , at angle θ corresponds to a rotation of 2θ in the plane spanned by α i and α j .
R. In particular taking a basis in V as {α i | i ∈ S} in one-to-one correspondence with S (with abuse of notation) and defining the symmetric bilinear form induced by the Schläfli matrix as
the action of the r i on V could be realized as a reflection with respect to the hyperplane orthogonal to α i , H αi ,
with v ∈ V , the restriction of B on Span{α i , α j } being positive semidefinite and nondegenerate. The bilinear form B is preserved by the action of r i ; B(r i v 1 , r i v 2 ) = B(v 1 , v 2 ) for any i ∈ S and v 1 , v 2 ∈ V . If θ is the angle between α i and α j the action of r i r j could be seen as a rotation of 2θ, fig. 2 , in the plane spanned by α i and α j . By the definition above, if m ij < ∞ one recognizes θ to be π/m ij . In this picture the meaning of m ij , as order of the element r i r j is evident. On the other hand if m ij = ∞, taking v = aα i + bα j we get
thus, acting iteratively (since α i + α j is fixed by r i r j ), we obtain
with k ∈ Z, that implies r i r j has infinite order. From the geometric interpretation of the fundamental reflections it appears natural to define a correspondence between sets of vector in V and Coxeter group. In particular we define a root system Φ in V as a finite set of non-zero vectors in V such that
The Coxeter group W associated with Φ is the Coxeter group generated by all the reflections s α with α ∈ Φ. A further refinement could be gained by defining a simple system ∆ for Φ as a subset {α i } of Φ such that (i) ∆ is a basis for Φ ⊆ V
(ii) Any α ∈ Φ could expressed as α = i a i α i with all non-positive or non-negative coefficients a i .
Taking W Coxeter group acting on V with associated root system Φ, if ∆ is a simple system in Φ then W is generated by the simple reflections r αi (we use also the notation r i in the next for a simple reflection corresponding to α i ) with α i ∈ ∆.
Note that every reflection in the Coxeter group, r α , corresponds to a root α ∈ Φ, but not all elements of the Coxeter group (or Weyl group, as we will see) are in general reflections. The product of two reflections is not in general a reflection. This explains why in general there are more elements in the Coxeter group than positive roots in the corresponding root system . Any element of a Coxeter group could be expressed as words of simple reflections,
Two words are equivalent if one could be obtained from the other by applying the founding relations eq. (1). For example the sequences r 1 r 3 r 2 r 2 and r 1 r 3 are trivially equivalent; the same applies to r 2 r 1 r 3 r 1 and r 2 r 3 if m 31 = 2, while, if m 13 = 3, the former is equivalent to r 2 r 3 r 1 r 3 . The length l(w) of a element w in the Coxeter group W is the smallest number of simple reflections w could be written as product of. The shortest expression of an element in a Coxeter group as product of simple reflections is called reduced form [32] . An element in the Coxeter group obtained as products of all simple reflection is called Coxeter element and it could be shown that the Coxeter elements are all conjugate and have the same order. The order of the Coxeter elements is the Coxeter number and it corresponds to the number of root divided by the rank.
Weyl Group
Weyl groups are particular cases of Coxeter groups and they play a fundamental role in the analysis next to come. Now we introduce Weyl groups and we describe their relation with Coxeter groups. Let's g be a Lie algebra with Cartan matrix A, we denote with h its Cartan subalgebra, with Φ the set of its roots and with ∆ the set of simple roots. We define the Weyl group W g (A) of g as the group generated by all the reflection s α , α ∈ Φ. Analogously to the Coxeter group case W is generated by simple reflections s α , α ∈ ∆.
The s α are reflections with respect to the hyperplanes orthogonal to the roots, called also walls, and their action on a weight Λ ∈ h * reads
where , is the scalar product on the root system induced by the Killing form. The s α preserve the scalar product,
This construction corresponds to a particular case of eq. (7) .
The Weyl group of a Lie algebra is a cristallographic Coxeter group, leaving invariant the lattice of roots i Zα i where i runs on simple roots. The cristallographic property translates into the following additional requirement for the root system:
for any α, β ∈ Φ. Any Weyl group is a cristallographic Coxeter group and the cristallographic property implies the Coxeter matrix entries m ij , for i = j, could take only values in the set {2, 3, 4, 6} [32] .
The Schläfli matrix is related to the Cartan matrix of the algebra (see section 5.3 in [32] for further details). Any generalized symmetrizable Cartan matrix A could be written as product of a diagonal matrix D with positive entries and a symmetric matrix S A = DS.
A possible choice is
The relation between the Cartan matrix and the Schläfli matrix is explicitly given by
with the angle between two roots corresponding to the argument of cosine in eq. (4). Equation (16) implies
We list in table 1 the possible angles between two simple roots and the corresponding m, the order of the product of their simple reflections, for the different connections appearing in the respective Dynkin diagram. The action of two consecutive reflections with respect to two planes orthogonal to a pair of vectors at angle π/m corresponds to a rotation of 2π/m in the plane spanned by them. The signature of the generalized Cartan matrix is equal to the signature of the Schläfli matrix and a classification in finite, affine and indefinite types, identical to the one defined above, applies.
Branes in E 11
In the previous section we have introduced some basic notions concerning Coxeter and Weyl groups. In this section we analyze the Kac-Mood algebra E 11 and the U-duality representations hosting half-supersymmetric branes in maximal supergravity theories.
) is the KacMoody algebra obtained as very extension of E 8 [34] ; its Dynkin diagram and Coxeter graph are sketched in fig. 3 . From now on for the simple roots we adopt the numeration in fig. 3a . Since det A = −2, E 11 is of indefinite type.
The set of roots of a Kac-Moody algebra could be divided into real and imaginary roots, A root α ∈ Φ is called a real root if there exists w ∈ W such that α = wα i for some α i ∈ ∆, with ∆ set of simple roots and the Weyl group W being defined as the group generated by all simple reflections. A root that is not real is called imaginary root. Real and imaginary roots are completely characterized by their squared norm [34] :
It follows by the definition that the set of positive real roots, Φ re + could be generated by Weyl reflections acting on simple roots
This implies that, since for any α ∈ Φ re there is α i ∈ ∆ such that α, α = α i , α i , there could be real roots at most of rank g different lengths. We call α a long real root if α, α = max i α i , α i , a short real root if α, α = min i α i , α i . In the simply laced case real roots have only one possible length. This means that in E 11 , normalizing the squared norm of simple roots to two, real roots have squared norm two and any imaginary root has squared norm zero or negative. This is a particular case of a more general result. It has been proved that the number of disjoint orbits for real roots corresponds to the number of disconnected components of the Dynkin diagram obtained deleting non single connection [35, At this point we need to recall the role of E 11 in the context of maximal supergravity theories. Starting from the eleven dimensional E 11 non-linear realization of M-theory it is possible to derive the bosonic spectrum of all maximal supergravity theories from three dimensions above [23] . This can be achieved by decomposing the adjoint representation of E 11 in the subgroup E 11−d ×GL(d, R) and selecting real roots. In particular for the d dimensional maximal theory, in order to define the opportune decomposition, one should identify the gravity line, i.e. the subset of nodes of the E 11 Dynkin diagram containing node 1, following the numeration defined in fig. 3 , and corresponding to the Dynkin diagram of A d−1 . The nodes joined by a single connection to the last node of A d−1 , and not belonging to it, should be deleted. The remaining nodes correspond to the Dynkin diagram of E 11−d , the U-duality symmetry of the d dimensional maximal supergravity.
The SL(d, R) symmetry described by the gravity line is promoted to a GL(d, R) by one extra Cartan generator coming from the deleted nodes. This symmetry describes the gravity sector of the theory. The procedure could be visualized, for the five dimensional theory, in fig. 4 . Node 5 is deleted, the first four nodes plus the Cartan associated with α 5 define a symmetry GL(5, R), while the nodes associated with α i for i > 5 correspond to the Dynkin diagram of the five dimensional U-duality group E 6(6) . Carrying out this procedure, performing the branching and selecting states corresponding to real roots, one obtains for every maximal supergravity theory the spectrum of differential forms. We limit our attention to maximal theories from three to nine dimensions. We list the results in tables 2 to 8, where, in the first column we define the label for the highest weight of the representation. We use a notation of the form Λ dp where d is the dimension and p the rank of the corresponding differential form. If more than one representation occurs for the same rank forms these ere distinguished with a, b after p in the subscript. In the second column of the tables we show the coordinates a i in the basis of simple roots, Λ = 11 i=1 a i α i . In the third column we list the dimension of the irreducible representations of the corresponding U-duality group and in the last column the corresponding Dynkin labels. All these representations correspond in E 11 to real roots [23] . This means that for any two weights belonging to any of these U-duality irreps. there is a Weyl transformation in W E11 connecting them.
Weight
Vector GL(2, R) rep Dynkin labels Looking in perspective to brane solutions in maximal supergravity the analysis of differential forms is crucial since a p-brane is charged with respect to (p + 1)-forms. This link induces an algebraic characterization for the 1/2-BPS solutions [26, 28] . Half-supersymmetric branes are solutions preserving the maximum amount of supersymmetry and they serve also as building blocks for less supersymmetric solutions. It has been found [26, 28] that 1/2-BPS branes in maximal supergravity correspond to the longest weights of the U-duality representation hosting their charges. This correspondence, taking the name of longest weight rule, defines and elegant criterion to identify the number of half-supersymmetric solutions in any maximal supergravity theory and it turns out to Weight Vector SL(3, R) × SL(2, R) rep Dynkin Labels play a prominent role also in the classification of U-duality orbits [26, 28, 29] . It should be remarked that the length in this case is computed with respect to the U-duality algebra and thus it does not correspond in general to the length in E 11 .
The results on the orbits of the real roots combined with the algebraic classification of 1/2-BPS branes describe a really interesting setting. Any pair of half-supersymmetric branes, say a p 1 -brane and a p 2 -brane, taken in any two maximal theories in d 1 and d 2 are connected by a Weyl reflection in E 11 . In the next section we use the results just discussed as a starting point to investigate the relation between different branes in different theories and to define universal algebraic structures codifying the number of 1/2 p-brane in any dimension. Weight Vector E 7(7) rep Dynkin Labels 
Algebraic Structures Behind Half-Supersymmetric Branes
The notions introduced in the first section and the general analysis of the previous one evidence the relevant role that the Weyl groups play in the analysis of half-supersymmetric solutions in maximal theories. In this section, studying the action of the Weyl group of the U-duality groups on branes, we derive a set of algebraic relations that fully define the content of half-supersymmetric pbranes in any maximal supergravity from three to nine dimensions. As a first step in this direction, let's consider a Lie algebra g with Weyl group W g acting on an irreducible representation of g, V . We call Λ the highest weight of V and
its Dynkin labels, characterized by d i 0 for all i = 1, .., n. We want to identify its stabilizers inside W g . To this aim it will be useful to introduce the concept of parabolic subgroup of a Coxeter system. Give a Coxeter system (W, S) a parabolic subgroup for W , W I is a subgroup of W generated by all the simple reflections in the subset I ⊆ S. This induces also the definition of its complement
We refer to the set of simple root generating W I as ∆ I . The isotropy group of the highest weight of the representation V could be seen as a parabolic subgroup of W g . In particular we consider the following application of [32, , where
We report the proof for completeness, referring to [32] for the necessary results.
Proof. Let's take Λ dominant weight, then
It is clear that any w ∈ W . Thus wΛ = uvΛ = uΛ = Λ. Then
This implies (by [32, 1.6 and corollary 1.7])
There should be α i ∈ ∆ such that uα i < 0 and by the argument just exposed α i / ∈ ∆ I . Thus we get
by definition of dominant weight, and
that is absurd. 
where
, the isotropy group of Λ. Any w ∈ W g could be decomposed uniquely as
This means the sets uW elements. By applying the same arguments to all the weights in the Weyl orbit one gets the result.
By proposition 3.1 and theorem 3.2 the dimension of the orbit of a dominant weight, under the action of the Weyl group, in an irreducible representation of a Lie algebra g is the dimension of the Weyl group of g divided by the dimension of the Weyl group associated with the subalgebra identified by its zero Dynkin labels, i.e its isotropy group in W g .
By virtue of the longest weight rule we could immediately apply theorem 3.2 to find the number of branes in maximal theories from three to nine dimensions. Looking at the Dynkin labels of the highest weights of the U-duality representations appearing in tables 2 to 8 we realize that the number of half-supersymmetric branes in d dimensions, rank by rank, is given by the following relations
It is remarkable that the relations just found describe the content of half-supersymmetric solutions, rank by rank in any dimensions, despite these are standard or non-standard branes. We have obtained five types of different relations; branes with rank lower than five are governed by five different rules, while, for solutions of rank four and higher, the same relation holds, with an additional contribution for 5-branes, induced by the fact that these couple both with vector and tensor multiplets, identical to eq. (26c). We report the chain of embeddings of the Lie algebras the Weyl groups appearing in the denominator of eq. (26) correspond to
The isotropy groups appearing in eq. (26) are Weyl groups of rank 10 − d algebras for 0-to 3-branes and rank 9 − d for 4-branes and higher rank solutions, with the exception described above for 5-branes. Moreover we note that the first relation, eq. (26a), reproduces exactly the number of 0-branes also in the nine dimensional theory, where these belong to two different representations, identifying E 10−d with the symmetry group of the two possible ten dimensional uplifts, type IIA and IIB theories. It could also happen that different types of rules give the same number of branes. This is the case, for example, of the 0-and 1-branes in five dimensions, due to the fact that E 5 ∼ D 5 . By the same way these relations make explicit that in six dimensions there is the same number of half-supersymmetric 0-branes and 2-branes. The same is true for 0-brane and 3-brane in seven dimensions, for 0-branes and 4-branes and 1-branes and 3-branes in eight dimensions.
In table 9 we list the number of half-supersymmetric solutions in any maximal supergravity theory and the dimension of the Weyl group of the U-duality group. Table 9 : For any d dimensional maximal theory we list the the dimension of the Weyl group of the U-duality group E 11−d , the dimension of the representations hosting differential forms and the number of components coupling to half-supersymmetric branes. p-f denotes the rank of the differential forms. When the number of half-supersymmetric solutions does not correspond to the dimension of the representation it appears in blue (non-standard branes [26, 28] ), otherwise (standard branes) we omit it. 
relating the number of different rank solutions. Moreover eq. (26) induce also the following relations
characterizing uplift/compactification behaviors of half-supersymmetric solutions, where 4 + means solutions of rank four and higher, with the exception for the five-brane case understood.
Branes ad Polytopes
In the previous section we have defined a set of algebraic relations encoding the number of half-supersymmetric solutions in maximal supergravity theories. These rules were obtained by applying some general results on the Weyl group to the irreducible representations hosting U-duality charges. In this section we look at the general setting behind the relations of eq. (26) . A natural identification of half-supersymmetric solutions as vertices of certain classes of uniform polytopes will emerge by this way.
Let's consider a Coxeter system (W, S) acting on a vector space V . We want to take a close look to the action of W on V and, to this aim, we introduce the half-spaces A α defined by the hyperplanes H α
and the set
C is called chamber of W . Its closure
is the fundamental domain of W acting on V . Since simple roots are linearly independent and the origin belongs to each H α with α ∈ ∆ then by definition the fundamental domain, fixing points on the intersections of the H α , is a simplex. Any µ ∈ V is Weyl conjugate to some λ ∈ D. The union of the images of the chambers under the action of the Coxeter group constitutes the Tits cone,
The projective space built from the Tits cone defines the Coxeter complex
C is an abstract simplicial complex. We recall that an abstract simplicial complex C is a family of non-empty sets such that, for every Y ⊆ C, any non-empty subset X ⊆ Y is also in C. The vertices of the abstract simplicial complex are in correspondence with wW I when I is maximal in S, namely when I contains all but one simple reflections in S. Subsets of the abstract simplicial complex are called faces.
We could further refine the description of the fundamental domain by taking a parabolic subgroup W I of W and defining
The C I 's partition D. If the Coxeter system is the Weyl group of a Lie algebra g and V is an irreducible representation then we identify D as the set of dominant weights in the representation, while the C I , depending on the subset I ⊆ S, could be different subsets of D. The isotropy group of C I is the parabolic subgroup W I and furthermore wC I ∩ w ′ C I = ∅ if there is no u ∈ W I such that w = w ′ u, i.e. if w and w ′ do not belong to the same left coset W/W I . wC I are called facets of type I. Collecting all the wC I for w ∈ W and I ⊂ S we get the Coxeter complex 
In the next when the type is not specified we use the word facets to denote the maximal subsets of the abstract simplicial complex, i.e. faces not contained in any other face.
In order to visualize the description above let's consider the Coxeter group of the Lie algebra A 3 . In fig. 5 we sketch the six walls of A 3 intersecting the unit sphere. These triangulates the sphere delimiting twenty-four chambers, whose closures correspond to the fundamental domain and its Weyl-equivalent counterparts; these are spherical simplices. The Tits cone is built as the union of all the chambers. The intersection with the unit 2-sphere constitutes the Coxeter complex that, in this case, turns out to be a simplicial complex. The points identified by the intersection of two walls and the sphere could be seen as vertices of a p-polytope (a polyhedron in this case), a convex hull of p points, with the symmetry of the Coxeter group; it is drawn in fig. 5b . We are interested in specifying the general construction presented above to half-supersymmetric branes in maximal supergravity theories and define their geometric realization within the corresponding Coxeter complex. We consider a U-duality brane representation and we take the highest weight Λ and its isotropy group W I Λ 0 as described in section 2. Our C I Λ 0 consists just in the highest weight itself. The intersection of the highest weight and the other longest weights of the representation, each corresponding to an half-supersymmetric solution, with the Coxeter complex identifies the vertices of a polytope, each lying on a type I facets. A vertex lying on the intersection of all but one reflection planes H α (fixing point on the unit sphere) overlaps a point in the Coxeter complex; if we remove one hyperplane it belongs to an edge, a 1-face. Removing a further hyperplane the point will lie on a 2-face and so on. This means that if I ⊂ S is maximal the vertices of the polytope identified by brane states coincide with the vertices of the Coxeter complex. The polytopes corresponding to the outer Weyl orbit of these representation, i.e. the orbits of the longest weights under the action of the Weyl group, could be generated starting from the highest weight and reflecting it trough the walls H α . By this way one gets the longest weights in the representation, that are four in the 4 and twelve in the 20. The resulting polyhedra are shown in fig. 6a and fig. 6c in purple, inside the Coxeter complex, in blue, and they correspond to a tetrahedron and a truncated tetrahedron. We note also that, while the vertices of the tetrahedron, associated with the 4, overlap four vertices of the Coxeter complex the vertices of the 20 lie on its edges. This is due to the fact that in the former case the isotropy group for the highest weight corresponds to a maximal I, it is the Coxeter group associated with the subalgebra A 2 made by the simple roots α 2 and α 3 , while in the latter case this is not true since the isotropy group is the Weyl group of an A 1 subalgebra.
The link between Coxeter groups, polytopes and weights in our examples is quite general. Any polytope with pure reflectional symmetry could be represented by a Coxeter diagram with additional informations. To do this one should fix a generator point and reflect it trough the hyperplanes H α corresponding to each node. The generator point could vary and, to identify it, the nodes in the Coxeter diagram are divided into active and inactive nodes [36] . Active nodes are signaled by a ring in the Coxeter diagram. A node is inactive if the generator point is invariant under the reflection with respect to the corresponding hyperplane, meaning it lies on the hyperplane itself, it is active if it is not invariant, fig. 7 . Thus given a Coxeter diagram with active and inactive nodes, it identifies a generator point lying on the intersection of the hyperplanes associated with inactive nodes and not lying on any hyperplane corresponding to an active node. We take the generator point equidistant from the hyperplanes corresponding to active nodes. Then the polytope is built simply reflecting the generator point recursively with respect to all the hyperplanes (active and inactive). The resulting polytope has the symmetry of the Coxeter diagram. It is clear that there could be different polytopes invariant under the same Coxeter system, defined by different set of active nodes. An example of the correspondence between Coxeter diagram and polytopes just described is sketched in fig. 8 , where we consider the Coxeter system associated with A 2 . In fig. 8a both the nodes associated with the simple roots α 1 and α 2 are inactive thus the generator point lies on the intersection of H α1 and H α2 ; the polytope associated with the graph is trivially a point. In fig. 8b one node is active, α 1 , and one node is inactive, α 2 , thus P lies on the hyperplane H α2 . The corresponding polytope is a triangle. In fig. 8c both nodes are active resulting in an hexagon and, as expected, this corresponds to the diagram of the root system of A 2 . We could associate a polytope to the longest weights of a representation by taking the highest weight as generator point and the active nodes as the nodes corresponding to its non-zero Dynkin labels. In the coset describing its orbit under the Weyl group W/(W I Λ 0 ) N , W is the invariance group of the polytope while W I Λ 0 is the invariance group of the generator point. Thus the polyhedron associated with the longest weights in the 4 and 20 of A 3 could be conveniently represented by the following diagrams We complete the analysis of the polyhedra with symmetry of the Coxeter group of A 3 taking also those corresponding to the outer Weyl orbits of the representations 6, 15 (the adjoint) and 64. They are drawn in figs. 6b, 6d and 6e and the corresponding Coxeter diagrams are listed in Table 11 : Polyhedra with symmetry of the Coxeter group of A 3 . In the last three columns we list the number of vertices, edges and faces. In the first two columns we report the representations associated with the polytope. It is clear that there could be more representations whose outer Weyl orbits correspond to the same polytope; for example the outer Weyl orbit of the representation 10 with highest weight 2 0 0 corresponds to the same polytope of the 4. It is the isotropy group that matters, i.e. the number and position of zeros in the Dynkin labels of the highest weight.
At this point we have all the ingredients to start a systematic analysis of the polytopes associated with half-supersymmetric branes in maximal supergravity theories, guided by tables 3 to 8 and the relations of eq. (26). We limit our attention to maximal theories from three to eight dimensions, the nine dimensional case being trivial.
0-branes
The first case we analyze is the case of 0-branes. For 0-branes in d dimensions the isotropy group of the highest weight is the Weyl group of E 10−d , eq. (26a). Since this corresponds to a maximal parabolic subgroup of W E 11−d we immediately recognize that the vertices of the corresponding polytope overlap some vertices of the Coxeter complex. We note also that, apart from the eight dimensional case, that we discuss separately, each highest weight has Dynkin labels of the same form; only the first label, up to symmetries of the Dynkin diagram, is different from zero. In the eight dimensional case we have two Dynkin labels different from zero, but the U-duality algebra is not simple thus we have a non zero Dynkin label for each simple factor and, as it will be clear in a few, it still shares the general features of the other 0-brane highest weights. We list the polytopes identified by this way in table 12, where we show the dimension of the maximal supergravity theory, the U-duality group and the brane representation, the name of the polytope, the corresponding Coxeter diagram, the number of vertices, the number and type of facets and the Petrie polygon. A Petrie polygon of an n-dimensional polytope is a skew polygon such that any n-1 consecutive sides, but not n, belong to a Petrie polygon of a facet [37] . These polygons are useful to understand the properties of higher dimensional polytopes [38] . In table 12 and tables next to come the Petrie polygons are obtained as projection on the Coxeter plane associated with the Coxeter group of the U-duality group; taking a Coxeter element w the Coxeter plane is the plane uniquely defined as the plane on which w acts as a rotation of 2π/h, where h is the Coxeter number. In the Petrie polygons yellow points have degeneracy three, orange points two and red points no degeneracy; we refer to appendix B for further details on Petrie polygons. The polytopes corresponding to 0-brane weights belong to the family k 21 of uniform polytopes [39, 40] , where k is related to the dimension by k = 7 − d. The name of the family is part of a general notation for E n group as
The notation describes the Coxeter diagram, with 3 legs around a node built of k, 1 and 2 nodes and could be easily generalized to other cases. Taking [3 p,q,r ] it is natural to associate to the polytopes defined by a single ring on the first node of the p, q and r legs the symbols p qr q pr r pq (38) respectively. Specializing to E k+4 this explains the name of the polytopes describing 0-branes and, as we will see, also 1-and 2-branes. The polytopes in the k 21 family just discussed and the ones we will deal with are all uniform polytopes. A uniform polytope is an isogonal polytope with uniform facets [31] . A polytope is said to be isogonal or vertex-transitive if for any two vertices there is a transformation mapping the first isometrically onto the second.
Any k 21 polytope has vertex figure a (k − 1) 21 polytope. The vertex figure of a polyhedron at vertex v is the polygon with vertices the middle points along each edge ending on v [37] . This immediately generalizes to higher dimensional polytopes. In the case of uniform polytopes it is clear that any vertex has the same vertex figure. 1-branes For the 1-branes the isotropy group is the Weyl group of D 10−d eq. (26b) and the halfsupersymmetric solutions could be seen as vertices of the family of uniform polytope 2 k1 where again k = 7 − d. We list all of them in table 13. For the moment let's note that 2 k1 polytopes have two types of facets: 2 (k−1)1 polytopes and (k + 3)-simplexes; in order to have a comprehensive view, we will analyze this feature after we have discussed the 2-brane case also.
2-branes
In the case of 2-branes the isotropy group is the Weyl group of A 10−d . The polytopes corresponding to 2-branes are listed table 14; they belong to the family of uniform polytopes 1 k2 with k related to the dimension by k = 7 − d. The facets of a 1 k2 polytopes are 1 (k−1)2 polytopes. Table 12 : 0-branes in maximal supergravity theories and corresponding polytopes. In the first two columns we list the dimension of the maximal supergravity, its U-duality group and the representation hosting the 1-forms. In the third column we show the Coxeter Dynkin diagram while k 21 and V are the name identifying the polytope and the number of its vertices respectively. In the last three columns we show the associated Petrie polygon and the number and types of facets. Table 13 : The uniform 2 k1 polytopes correspond to 1-branes in maximal supergravities. In the first two columns we list the dimension of the maximal supergravity, its U-duality group and the representation hosting 1-branes. In the third column we show the Coxeter Dynkin diagram while 2 k1 and V are the name identifying the polytope and the number of its vertices respectively. In the last three columns we show the associated Petrie polygon and the number and types of facets. Table 14 : The uniform 1 k2 polytopes correspond to 2-branes in maximal supergravities. In the first two columns we list the dimension of the maximal supergravity, its U-duality group and the representation hosting 3-forms. In the third column we show the Coxeter Dynkin diagram while 1 k2 and V are the name identifying the polytope and the number of its vertices respectively. In the last three columns we show the associated Petrie polygon and the number and types of facets.
Triality At this point we could make a step back to take a general picture of what we have found for 0-, 1-and 2-branes. We have discovered that these are described by the families of polytopes k 21 , 2 k1 and 1 k2 . With the notation introduced in the previous paragraph for a Coxeter system [3 p,q,r ] a polytope p qr has facets of type p q−1r and p qr−1 and their centers are the vertices of q pr and r pq polytopes respectively [39] . This defines a triality relation between 0-, 1-and 2-branes. In particular the k 21 polytopes describing 0-branes have two types of facets, (n-1)-simplexes and (n-1)-orthoplexes. We report the definition of orthoplex and, for completeness, we recall also the definitions of simplex [37] . An n-simplex is the convex hull of n+1 points {v 0 , ..., v n } such that v 1 − v 0 , ..., v n − v 0 are linearly independent. An n-orthoplex or cross n-polytope is the n-dimensional polytope with 2n vertices with coordinate (±1, 0, ..., 0) and its permutations. An orthoplex could be also defined as the closed unit ball in R n in taxicab geometry, i.e. as
where the l 1 -norm is defined by
for two vectors u, v with coordinates u = (u 1 , ..., u n ) and v = (v 1 , ..., v n ). While a simplex could be seen as the higher dimensional generalization of a triangle in a two dimensional space, an orthoplex is the higher dimensional generalization of a square in two dimensions and an octahedron in three dimensions. A simplex has the symmetry of the A n Coxeter group while an orthoplex is invariant under the B n or D n Coxeter group. In the 0-brane polytopes k 21 the number of 1-branes corresponds exactly to the number of orthoplex facets while the number of 2-branes corresponds to the number of simplicial facets. The corresponding polytopes could be built as convex hull of the central point of these two types of facets. Analogous considerations apply to 1-branes and 2-branes as can be seen in tables 13 and 14.
3-branes For the 3-branes we encounter again the family of 2 k1 polytopes but in their rectified form. Rectification is an operation on polytopes consisting in cutting the polytope at each vertex with a plane passing trough the midpoints of edges ending on it. This exposes the vertex figure of the initial polytope and produces a polytope with a number of vertices equal to the number of edges of the starting figure; it is denoted with a prefix r before the polytope name. An example of rectification applied to a cube can be seen in fig. 9 . The polytopes corresponding to 3-branes in d dimensions are the rectified 2 (7−d)1 polytopes appearing in the 1-brane cases and thus they could be seen also as edges of the 2 (7−d)1 polytopes with vertices corresponding to 1-branes. In table 15 we show all the r2 k1 polytopes with their main features. 4-branes and beyond Looking at eq. (26) we realize that for 4-brane and higher rank branes the isotropy group of the highest weight is always W A 9−d , with a further class of 5-branes mimicking the situation already described for the 2-branes. The fact that 5-branes live in two representations depends on the fact that these couple both with vector and tensor multiplets. In particular 5-branes coupled to tensor multiplets obey the relations holding for the 2-branes, i.e. the one appearing in The uniform r2 k1 polytopes correspond to 3-branes in maximal supergravities. In the first two columns we list the dimension of the maximal supergravity, its U-duality group and the representation hosting 3-forms. In the third column we show the Coxeter Dynkin diagram while r2 k2 and V are the name identifying the polytope and the number of its vertices respectively. In the last column we show the associated Petrie polygon.
the second term of eq. (26f), while 5-branes coupled to vector multiplets are described by the first term of the same equation. It is interesting to note that there is again a fixed scheme for non zero Dynkin labels, as can be seen in tables 2 to 6, but now this finds realization in a set of uniform polytopes that could not be traced back to a single family, For completeness we list in table 17 in appendix A all the components of the polytopes we met until now and whose vertices have a correspondence with half-supersymmetric branes in maximal supergravities.
Conclusions and Perspectives
Due to their supersymmetry-preserving action, Weyl groups associated with U-duality groups of maximal supergravity theories play a fundamental role in understanding the algebraic structure behind half-supersymmetric branes. An analysis, based on the formalism of reflection groups and Coxeter groups reveals a universal structure behind the hierarchies of 1/2-BPS solutions in maximal theories. This structure is captured by a set of algebraic rules describing the number of independent half-supersymmetric branes, rank by rank, in any dimensions, possessing some striking features. The relation between Coxeter group and uniform polytopes provides a new perspective in the analysis of branes: half-supersymmetric branes could be visualized as vertices of certain families of uniform polytopes. From this new perspective it is possible to capture some intriguing properties of and relations between different brane solutions in different theories.
In the present paper we analyzed the action of the Weyl group on U-duality representations hosting branes in maximal theories and we discovered a set of algebraic rules describing the number of independent half-supersymmetric solutions. The rules we found,
have some remarkable features. First of all there are different formulae for different rank solutions, in particular we got five types of rules. For p-branes with p = 0, 1, 2, 3, 4 we have five different relations, while, for p 4, the same relation holds, with an additional contribution for 5-branes described by the same rule appearing for 2-branes. The two contributions for 5-branes were not surprising, since 6-forms live in two different representations corresponding to their coupling with tensor and vector multiplets. Furthermore it is worth noting that the relations above apply both to standard and non-standard branes, revealing that in the full set of U-duality charges, the components coupling to half-supersymmetric solutions follow a well defined pattern.
The correspondence between half-supersymmetric solutions and longest weights was a key ingredient in the derivation of our rules and it promotes the Weyl group to the fundamental role it plays in this context. We also remark that, to find the number of independent half-supersymmetric p-branes, the algebraic relations above do not require the knowledge of the representations hosting the corresponding U-duality charges. The formulae eq. (41) have the same form despite of the dimension. Moreover by inspecting the relations between different rank rules it was possible to uncover some formulae describing the uplift behavior, eq. (29), of half-supersymmetric solutions. All these features characterizing eq. (41) make them able to capture a general and deep algebraic structure governing 1/2-BPS branes in maximal theories.
Once the rules eq. (41) had been found it was natural to look for an interpretation of their coset structure as a symmetry of certain objects. It turned out that these objects are uniform polytopes with the U-duality group as isotropy group and the groups appearing in the denominator of eq. (41) as invariance groups of the vertices. This induces a correspondence between branes and vertices of certain families of uniform polytopes providing a new perspective on the hierarchies of half-supersymmetric solutions in maximal theories. In particular we realized that 0-, 1-and 2-branes are in correspondence with the vertices of the families k 21 , 2 k1 and 1 21 of uniform polytopes respectively, with k related to the dimension d by k = 7 − d. 3-branes correspond to rectified 2 k1 polytopes, while for 4-branes the situation is a little less homogeneous since these cannot be identified with a single family of polytopes.
The correspondence between half-supersymmetric solutions and polytopes emphasizes another relevant aspect, the relation between rules for different rank solutions. There is a triality relation between 0-, 1-and 2-branes. 0-branes correspond to vertices of the k 21 polytopes. These polytopes have two types of facets, orthoplexes ans simplexes. 1-branes could be seen as vertices of the polytopes obtained by fixing one vertex on each orthoplex facet, while 2-branes could be seen as vertices of the polytopes obtained by fixing one vertex on each simplex facet. Analogous arguments hold exchanging the role of the 0-,1-and 2-branes and the corresponding polytopes. Moreover 3-branes correspond to edges of 2 k1 polytopes. For 4-branes and higher rank solutions we found a general behavior. It is manifest by comparison of eq. (41e) and eq. (41d) that 4-branes solutions could be obtained from the 3-brane polytopes by adding an orthogonal mirror; this doubles the number of half-supersymmetric 4-brane solutions with respect to 3-branes. The picture emerging from this description tells us that, the seemingly independent relations for different rank solutions, have quite intriguing links.
An immediate application of the correspondence outlined in the present paper is the analysis of the Weyl orbits of less supersymmetric states. These correspond to dominant weights, not highest weights, in the non-standard brane representations we have analyzed.
The 0-, 1-and 2-branes in three dimensions maximal supergravity correspond to vertices of the polytopes 4 21 , 2 41 and 1 42 . The families of uniform polytopes k 21 , 2 k1 have further elements, the honeycombs 5 21 , 2 51 corresponding to a symmetry E + 8 . By the same way there is a further honeycomb 6 21 with reflectional symmetry E ++ 8 . It would be interesting to look for an extension of the present analysis to two dimensions and one dimension interpreting these honeycombs as the origin of the brane states appearing in maximal supergravities.
In perspective it is natural to extend the present work to less supersymmetric theories. In particular these theories are characterized by a U-duality group not appearing in general in its maximal non-compact form. This induces the presence of compact weights. It has been shown that halfsupersymmetric solutions correspond to longest non-compact weights [28] thus the analysis of the present work requires a refinement to be applied to the non-maximal cases. This refinement consists in a restriction of the Weyl group to the subgroup generated only by reflections corresponding to non-compact roots.
We defined a bridge connecting branes with the world of polytopes. We believe their interplays could provide important improvements in understanding dualities and further clarifying the role that branes play in string theory and supergravity.
A Polytopes
In this appendix we report all the components of the polytopes we discuss in section 4. 
B Petrie Polygons
In this section we review the construction of the Petrie polygons appearing in the paper. A Petrie polygon of an n-polytope is a polygon such that every consecutive n-1 edges, but not n belong to the same facet of the polytope [37] . For a given polytope the Petrie Polygon could be obtained as projection on the Coxeter plane. The Coxeter plane is defined by the action of a Coxeter element w as the plane on which it acts as a rotation of 2π/h, where h is the Coxeter number, i.e. the order of the Coxeter elements (we recall that Coxeter elements are all conjugate). Taking a Coxeter element w in a Coxeter system (W, S) with Coxeter number h it has eigenvalues
for some k ∈ Z. If we call z k ∈ C n its eigenvectors then we can write
w acts as rotation of 2kπ/h on z k . The Coxeter plane is identified by the element z 1 , always appearing in the set of eigenvectors. We decomposed z 1 in its real and imaginary parts
and we consider the plane {Re z 1 , Im z 1 }, where Re z 1 , Im z 1 ∈ R n . Thus given a weight Λ its projection on the Coxeter plane has components P Λ = Λ, Re z 1 , Λ, Im z 1 .
We could discuss a simple example; let's take the representation 10 of D 5 . D 5 , whose Dynkin diagram is in fig. 10 , has Coxeter number h = 8. 
with eigenvalues
for k = 1, 3, 4, 5, 7.
The eigenvector corresponding to λ 1 is 
The weights of the representation 10 of D 5 appear in its Dynkin tree in fig. 11 . They correspond to a 5-orthoplex. Since the vectors in eq. (50) have coordinates in the basis of simple roots, the projection could be realized just taking their Euclidean product with the vector of Dynkin labels of the weights. The two weights ±1 0 0 0 ∓ 1 are projected to (0, 0) on the D 5 Coxeter plane, while the other weights have projection corresponding to the vertices of a regular octagon as in fig. 12 . With the same notation describes previously, red points have no degeneracy while the orange point is doubly degenerate. Petrie polygons are rather useful in studying the properties of higher dimensional polytopes.
